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Abstract. We present a unified approach for obtaining global a priori estimates for 
solutions of nonlinear defocusing Schrodinger equations with defocusing nonlinearities. 
The estimates are produced by contracting the local momentum conservation law with 
appropriate vector fields. The corresponding law is written for defocusing equations of 
tensored solutions. In particular, we obtain a new estimate in two dimensions. We bound 
the restricted L\L\ Strichartz norm of the solution on any curve 7 in R 2 . For the specific 
case of a straight line we upgrade this estimate to a weighted Strichartz estimate valid in 
the full plane. 



1. Introduction 

In this paper, we prove global-in-time mixed Lebesgue spaces estimates for solutions of 
the semilinear Schrodinger equation 

iu t - Au+\u\P~ l u = Q, x G M. n , i€R, 
u(x,0) = u (x) 6 H s (R n ) 

for any p > 1. Equation (jl.ip satisfies the following conservation laws: Energy conservation 

(1.2) E(u)(t) = - [ \Vu{t)\ 2 dx + — !— [ \u(t)\ p+1 dx = E{u ). 

2 J p+l J 

Mass conservation 

(1-3) IK*)IU 2 = INIIl 2 > 

and momentum conservation 

(1.4) p(t) = 9 / uVudx. 

The conservation laws of mass and energy identify H 1 as the energy space. Moreover, 
membership of the solution in this space provides an a priori bound on the H 1 norm of 
the solution. Since the problem is locally well-posed in H 1 whenever 1 < p < 1 + f° r 
n > 3 and for 1 < p < 00 for n = 1,2, the conservation control enables one to iterate the 
local-in-time solutions over any large time interval maintaing the same uniform H 1 bound. 
Thus, the problem is globally well-posed. For all the relevant definitions and the local 
properties of the solutions the reader can consult [2], [16]. Since the Cauchy problem is 
globally well-posed, our attention turns toward the issue of describing and classifying the 
asymptotic behavior in time for global solutions. A possible method to attack this issue 
is to compare the given dynamics with suitably chosen simpler asymptotic dynamics. The 
method applies to a wide variety of dynamical systems and in particular to some systems 
defined by nonlinear PDE, and give rise to the scattering theory. 
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For the semilinear problem (jl.ip . the first obvious candidate for the simplified asymp- 
totic behavior is the free dynamics generated by the group S(t) = e~ itA . The comparison 
between the two dynamics gives rise to the questions of the existence of wave operators and 
of the asymptotic completeness of the solutions. More precisely we have: 

(a) Let v + (t) = S(t)u+ be the solution of the free equation. Does there exist a solu- 
tion u of equation (jl.ip which behaves asymptotically as v+ as t — ► oo, typically in the 
sense that , \\u(t) — v + \\ H i — ► 0, as t — > oo. If this is true then one can define the map 
f2+ : u + — > u(0). The map is called the wave operator and the problem of existence of u for 
given u + is referred to as the problem of the existence of the wave operator. The analogous 
problem arises as t — > — oo. 

(b) Conversely, given a solution u of (jl.ip . does there exist an asymptotic state u + such 
that v + (t) = S(t)u + behaves asymptotically as u(t), in the above sense. If that is the case 
for any u with initial data in X for some u + £ X, one says that asymptotic completeness 
holds in X. 

Asymptotic completeness is a much harder problem than the existence of the wave op- 
erators except in the case of small data theory which follows from the iteration method 
proof of the local well-posedness. Asymptotic completeness for large data requires a re- 
pulsive nonlinearity and usually proceeds through the derivation of a priori estimates for 
general solutions. The question of scattering or in general the question of dispersion of the 
nonlinear solution is tied to weather there is some sort of decay in a certain norm, such 
as the L p norm for p > 2. In particular knowing the exact rate of decay of various IP 
norms for the linear solutions, it would be ideal to obtain estimates that establish similar 
rates of decay for the nonlinear problem. For a discussion comparing the decaying rates of 
the linear and the nonlinear problem the reader can consult [2] and the references therein. 
The decay of the linear solutions can immediately establish weak quantum scattering in the 
energy space but to estimate the linear and the nonlinear dynamics in the energy norm we 
usually look to prove that the L p norm of the nonlinear solution to go to zero as t —* oo. 

Strichartz type estimates assure us that certain IP norms decay asymptotically for large 
time but only for the linear part of the solution. For the nonlinear part we need to obtain 
general decay estimates on solutions of defocusing equations. The mass and energy conser- 
vation laws establish the boundedness of the I? and the H l norms but are insufficient to 
provide a decay for higher powers of Lebesgue norms. In this note we provide a summary 
of recent and new results that demonstrates a straightforward method to obtain such es- 
timates by taking advantage of the momentum conservation law (|1.4j) . One can construct 
various quantities based on the momentum density which are monotone in time and so the 
fundamental theorem of calculus provides space-time bounds for general solutions. 

Conservation laws come in both integral and differential forms. The differential form of 
the conservation law includes flux terms and can sometimes be localized in space-time by 
integrating against suitable cut-off functions or contracting against a suitable vector field to 
produce an almost conserved or monotone quantity. Thus, from a single differential conser- 
vation law, one can generate a variety of useful estimates, which can constrain the direction 
of propagation of a solution or provide a decay estimate for the solution or components of 
the solution (e.g. the low or high frequency part of the solution). 



A PRIORI ESTIMATES FOR NLS 



3 



A key example of these ideas is contained in the following generalized virial inequality 
of Lin and Strauss |10j . (We recall the proof of this inequality in the next section.) 

(1.5) f [ (-AAa(x))\u(x,t)\ 2 dxdt+ [ [ (Aa(x))\u(x, t)\ p+1 dxdt < sup \M a (t)\ 



JR n [0,T] 

where a{x) is a convex function, u is a solution to (jl.lj) and M a (t) is the Morawetz action 
defined by 

(1.6) M a (t) = 2 Va(x) • %{u{x)Vu(x))dx. 

Note that throughout the text we use the symbol < to supress inessential constants from 
the inequalities we present. An inequality of this form was first derived in the context of 
the Klein-Gordon equation by Morawetz [11] and then extended to the NLS equation in 
|10j . The inequality was applied to prove asymptotic completeness first for the nonlinear 
Klein-Gordon and then for the NLS equation in the papers by Morawetz and Strauss, |12j . 
and by Lin and Strauss, [10J for slightly more regular solutions in space dimension n > 3. 
The case of general finite energy solutions for n > 3 was treated in [8] for the NLS and in 
[7j for the Hartree. The treatment was then improved to the harder case of low dimensions 
by Nakanishi, [13], [14]. The vector field method that we outline in this paper, applied to 
tensor product of two or more different solutions, gives stronger estimates and simplifies the 
proofs of the results in the papers cited above. The method of contracting the point-wise 
conservation laws with a vector field is not new. It has been used extensively for the wave 
equation in the past. See [16] and the references therein for more information. 

The weight function that was commonly used in the past was a{x) = \x\. This choice 
has the advantage that the distribution -AA(o) is positive for n > 3. More precisely it 

is easy to compute that Aa(x) = ^Er and that 

[ 8ir5(x), if n = 3 

-AAfl(x) = | (n-l)(n- 3) | if n > 4 

In particular, the computation gives the following estimate for n = 3 

\u(x,t)\P +1 

/o Jm* M t 
The second, nonlinear term, or certain local versions of it, have played central role in the 
scattering theory for the nonlinear Schrodinger equation, [I], [8], [9], [10]. The first term 
did not play a big role in these works. The fact that in 3d the bi-harmonic operator acting 
on the weight a(x) produces the 8— measure can be exploited further. The following idea, 
first appearing in [5], takes advantage of the first linear term and provides a global a priori 
estimate valid for any defocusing nonlinearity. We consider two separate solutions of the 
nonlinear Schrodinger equation and take the tensor product of them in M 6 := M 3 xR 3 . We 
define a new weight a(x) = \y — z\ where x = (y, z) G M 3 x M 3 . We have provided the details 
of the calculation in the next section but let us mention that the heart of the matter is that 

-A x A x (\y-z\) = 32n8(y-z) 



[1.7) I \u(t,0)\ 2 dt+ / / ^PfJ dxdt <sup|K^" 2 



4n fact, one can write an identity. 
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where A x = A y + A z . We can now define a new Morawetz action that exploits the corre- 
lation of the two mass densities and the positivity of its time derivative. Substituting this 
result in the first linear term using the new density 



for solutions that stay in the energy space. This estimate is not immediately useful for 
extending the energy-critical theory and removing the radial assumption on the solutions 
that was achieved in [I] . Nevertheless a frequency localized version of this estimate has been 
successfully implemented to remove the radial assumption, and prove global well-posedness 
and scattering for the energy-critical (quintic) equation in 3d, [6j. Further applications 
include a very simple proof of the 3d energy scattering result of Ginibre and Velo, [5] for 
the I? super-critical NLS, which is the case for any p > |. Similar estimates can be 
obtained in any dimension higher than three and they can treat the higher dimensional 
scattering theory in a unified way. For details see, [T7J. The idea to bypass the problem 
of the quite nasty distribution — AA(|x|) in low dimensions and prove similar estimates 
without a restriction on the dimension was taken in [3]. See also |15j . 

In this note we want to comment on the original idea of using the 3d reduction on the 
solutions and obtain linear Strichartz type estimates. Again the idea is to take advantage 
of the special calculation in 3d of the weight function a(x). The numerology is as follows: 
We correlate two 3d solutions and we define a solution in 6 = 3 + 3 dimensions. If we 
integrate the product density against the 5 distribution we obtain an estimate for solutions 
in 3d, and thus we managed a reduction of 3 = 6 — 3. It is not clear how to take advantage 
of this idea in other dimensions. To obtain for example a Id estimate, using this idea and 
after a "dimensional reduction" of 3 we have to correlate four solutions. We can thus define 
a weight function in four dimensions. The appropriate weight function is the distance of 
a point in M 4 from the diagonal (x, x, x, x). This provides an LfL^, a priori estimate, [3J. 
If the dimension is higher than 4, correlation of two solutions, produces a solution on W 1 , 
when n is at least 8 and the reduction to 5 = 8 — 3 is not immediately useful. Of course 
correlation of more than two, apart form the technical issues, obviously doesn't improve the 
situation for numerical reasons. If we correlate two solutions in two dimensions we obtain 
a solution in 4d and after the reduction we are left with a possible Id estimate. This is the 
approach we follow in this paper. We define the weight function to be the distance of a 
point in M 4 from the diagonal x\ = x<i = x(l) where y = (xi,X2) 6 i 2 x I 2 and x(l) is the 
position vector of a straight line. We obtain an estimate that involves a line integral that 
can be upgraded in a full 2d integral by an averaging argument. We present the calculations 
in section 2 but our theorem reads as follows: 

Theorem 1.1 (Correlation estimate in two dimensions). Let u be an Hi solution to (II. ip 
on the space-time slab /xl 2 . Then for any xq £ M 2 we have 



u(x,t)\ 2 



u(y,t)\ 2 \u(z,t)\ 2 , 



we obtain 






dxdt <sMHt)\\h\W)t U 



Note that we have dropped the nonnegative term arising from the nonlinear term from 
the right side of (jl.8p . Thus, the linear estimate (jl.8p is valid for all nonlinear evolutions 
with a defocusing nonlinear term. 



A PRIORI ESTIMATES FOR NLS 



5 



2. Method and its applications. 
We startB with the equation 

(2.1) iut - Au = |it| p-1 it 

with p > 1. The two dimensional estimate that we will derive is linear and thus holds for 
all values of p > 1. For that reason we restrict ourselves to the important physical case of 
the cubic and thus we pick p = 3. The reader will notice that we use Einstein's summation 
convention throughtout the paper. According to this convention, when an index variable 
appears twice in a single term, once in an upper (superscript) and once in a lower (sub- 
script) position, it implies that we are summing over all of its possible values. 

We define the mass density p and the momentum vector p, by the relations 

p = ^\u\ 2 , p k = Q(uV k u). 

It is well known that the abstract solution to the semilinear Schrodinger equation satisfies 
mass and momentum conservation. The local conservation of mass reads 

(2.2) d t p = divp = V j p j 
and the local momentum conservation is 

(2.3) d tPk = Vj (fi (2p 2 - Ap) + a{ 
where the tensor a k j is given by 

(J,/, = 2'St(V j uV k u) = ^{pjpk + VjpVkp)- 

Notice that the term 2p 2 is the only nonlinear term that appears in the expression. For the 

- p-1 
p+i 



general monomial defocusing nonlinearity \u\ p 1 u this term would take the form 2 P 2 2—Ip P 2 . 



We now define the Morawetz action 



M a (t) = - Va-pdx = - Vja p> dx 

JW 1 JW 1 



where the weight function a(x) is given by a(x) = \x\ and thus Vj-a = ^r. The following 
computation is due to Lin and Strauss, |10| . although we have adapt the proof to serve our 
own purposes. If we contract the momentum conservation equation with the vector field 
X = Va we obtain 

X k d tPk = X k [5{{2p 2 - Ap) + ai) 

or that 

d t (X k Pk ) = Vj{X k 5{{2p 2 - Ap)+X k a{] - (V j X fc )^(2 /0 2 - Ap) - (V,-XV fc . 

Integrating over the whole space, assuming enough decay for the solutions (an assumption 
that can be easily removed by a standard approximation argument), we have 

-d t [ p k X k dx= I (V j X j )(2p 2 -Ap)dx+( (V j X k )cj j k dx = 



2 Similar arguments apply in the setting of a more general defocusing nonlinearity. 
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f (divX)(2p 2 - Ap)dx + [ {VjX k )<j{dx. 

JW 1 JW 1 



Now we compute 



and 



k _ 3 



divX 



5 k \x l2 — ™ -^ k 
|x| 3 

n — 1 



and thus 



d t M = -d t [ Pk X k dx = (n-l) f tK(2p 2 - Ap) dx + [ (VjX^al dx = 
2(n -1)1 dx + (n - 1) / f -A(^-)) p dx + f (VjX^al dx 

it" \ x \ il" \ \ x \ J JR™ 

by integration by parts. The first term of the right hand side is positive. In addition for 
n > 3 the distribution — A(A) is positive and thus we have 

d t M > 2(n - 1) / y- dx + / (V j X fc )4 dx. 

J«. n \ x \ JR n 

If we recall that ajk = 23f?(VjuVfc?Z) an explicit calculation reveals that 

(V,xV fc = ||| (|V^| 2 - • V)n| 2 ) > 0, 

and thus for any n > 3 we have 

a t M > 2(n - 1) / fr dx. 

JR™ fI 

Applying the fundamental theorem of calculus we obtain 

M^cfe<sup|M(t)|. 
\x\ t 

By definition of M{t) and Hardy's inequality [5], we obtain that 

KM)|4 dx<sup||ur" 2 



For the monomial defocusing nonlinearity of degree p it follows that the estimate 

\u(x,t)\v +1 m||2 
-ax ^ sup + 



is valid for all n > 3. 

Remark. Note that this is a nonlinear estimate that we obtained by estimating away 
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the two linear, positive terms. As we have already mentioned in the introduction, in this 
paper we will establish the following estimate that is true for any defocusing nonlinearity 
in two dimensions (this is the reason that we will sometimes call it a linear estimate) 

dx< S up\\u(t)\\ 2 L2 \\u(t)\f ' i. 
t H2 

The idea goes back to [5] and we outline the method below. This is a decay estimate, as 
it shows that the quantity J K2 ^%r^ dx must go to zero, at least in some time-average 
sense. Because the weight t^t is large at the origin, the solution cannot remain lower 
bounded near the origin for extended period of times. This is a nonlinear effect caused by 
the defocusing nature of the nonlinearity. The estimate is especially useful for spherically 
symmetric solutions since such solutions already decay away from the origin. 

We start again with equation (|2.1|) in three dimensions and we consider two solutions 
u\(xi,t),U2(x2,t) with (xi,xi) G R 3 x R 3 . The reader can observe that our exposition can 
be carried in any dimension if we work with product functions in R n x R ra . We form the 
tensor product 

u(xi,X 2 ,t) = Ui(xi,t)u 2 (x2,t) := U\U2- 

It is not hard to see that the tensor product satisfies the equation 

iu t - Aqu + f(u) = 

where 

f(u) = \ui\ 2 u + \u2\ 2 u 
and Aq is the Laplacian in R 6 = R 3 x R 3 . Thus for x = (xi,X2) £ R 6 we have 

V = (V X1 ,V X2 ), A 6 = V • V = {V X1 ,V X2 ) • {V X1 ,V X2 ) = A X1 + A X2 . 




The crucial observation is that the equation stays defocusing and we expect to exploit this 
positivity to obtain new a priori estimates. We write p a = ^\u a \ 2 for a = 1,2 and thus 

1. l2 
/ 3 =2F| =2pip 2 - 

In this notation, the local conservation of mass is given by 

dtp = V • 9(nVn) 

and the local conservation of momentum is given by 



d t p k =V ] (5{{$(p)-Ap) + a{ / 
with 

= Ap 1 p 2 {pi + p 2 ), Pk = 9(nV fc w), (?kj = 2^(VjuV k u). 



Again, contraction with a vector field leads to the equation 



(2.4) d t (X k Pk ) = Vj{X k 5{{$>{p) - Ap) + X k a{) - divX(<S>(p) - Ap) - {VjX k )a{. 
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Now we consider x = (y, z) G M. e and define the distance of x from the average of its 
components (^p, 2~0- Here we assume that x\ = y and that x 2 = z. Up to a nonessential 
constant this is given by 



d(x) = \y- z\ = V (yi - z l) 2 + (V2 ~ z 2 ) 2 + (2/3 - Z3) 2 

and the vector field is defined to be the gradient of this distance X 3 = V J d. A quick 
computation shows that 

4 4 

divX = — = - 

d \y-z\ 

and that 

-A(divX) = -A^-) - A*(-) = 32ir5(y-z). 
Thus, if we integrate (|2.4p we obtain 



d t M = -d t f p k X k dx= [ (divX)($(p) - Ap)dx + f {VjX k )a{dx 
[ (divX)<S>{p)dx + [ -A(divX)p dx + / (VjX k )a j k dx> 

JRfi Vr6 V]R6 



-A{divX)p dx+ \ (V jX k )a{dx > / 32vr(5(y - £)i|ui(y, i)| 2 |u2(M)| 2 da: 



if 



T 3 k dx > 0. 



Jr 6 

Note that as in the single particle solution case 

M(t) = - I p-X dx = - Pk X k dx. 
JR 6 jr 6 

By the fundamental theorem of calculus and after picking u\ = u 2 = u, we have 



16vr / / \u(x,t)\^dx < sup|M(t)|. 

jR t JR 3 t 

It remains to estimate M(t). Since \X\ < 1 we have that 

\M(t)\< [ \p\dx<[ p(y)\Qp(z)\dy dz = ( [ p{y)dy)j \u(z)\\Vu(z)\dz 
Jm? JR 3 xR 3 VJr 3 

By the momentum estimate in the appendix of |16j . 



\M(t)\ <Ht)\\hH*)t U- 



We obtain 



|ti(x,t)| 4 dx < sup (\\u 



U\<t)\\ 2 Hh 
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It remains to show that 



/ (VjX^aldx > 0. 



But 

f if j = 1,2,3 



X 3 = V ] d 
The 6x6 matrix V jX k is given by 



if j = 4,5,6. 



where is the 3x3 matrix given by 

6 kj d 2 - (y k - z k )(yj - Zj) 
b > k = 

for j, fc = 1, 2, 3. Thus, the matrix VjX k is positive semi-definite and we obtain 

/ {VjX k )(r> k dx > 0. 
Since the calculations have appeared in [5], we omit the details. 

Remark. We can use the same idea and correlate 4 one dimensional solutions. We define the 
tensor product of the four solutions and our new vector field is the gradient of the distance 
function to the diagonal (x, x, x, x) S M 4 . For details see [4]. The estimate one can obtain is 



\u{x,t)\ s dx< S n V {\\u{t)\\\ 2 \\u{t)\\^). 
t 

A variant of this idea will be used in the proof of our main theorem that follows. 



Proof of Theorem li.il If we repeat the calculations we did for the 3d case to the two 
dimensional Schrodinger equation we obtain 

(2.5) B t M = -d t I p k X k dx= [ (divX)$(p)dx+ I -A(divX)p dx+ [ (V jX k )a{dx 
Jm 4 Jr 4 Jm 4 Jr 4 

where 

P = ^\ui(xi,t)\ 2 \u 2 (x 2 ,t)\ 2 = 2p(x 1 )p(x 2 ), $(/?) = 4/>ip 2 (/>i +P2), 

and x = (xi,x 2 ) £ I 2 x I 2 . To find the appropriate vector field consider in M 2 the line 
that passes through the origin and has direction given by the unit vector u, 

L(0,w) := {x{l) = lu}. 

Without loss of generality we can take u = (1,0). We can now lift this line onto a diagonal 
of M 4 as follows 

L{uj) := {x\ = x 2 = x(l)}. 
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Consider now the distance of a point 

V = (xi, x 2 ) G M 2 x M 2 : y = {y u y 2 , y 3 , y A ) € M 4 

from the line 

L(u) := {xt = x 2 = x(l)} = {i/el 4 :|/i = l, 3/2 = 0, 3/3 =1, 3/4 = 0}. 
This distance is 



d = mm J (yi - I) 2 + y\ + (3/3 - 2 + 2/1 



(yi-2/s) 2 , „, 2 , 9 , on Vi+V^ 2 



min W ^_Ji£^ + y 2 + y 2 + 2(1 



For Z = Vl + m we have that 



We set X j = V J d, j = 1, 2, 3, 4 and compute 



x i _ 3/i — 3/3 ^2 _ m X 3 _ 3/3 — 3/1 X 4 _ m 

2d ' d ' 2d ' d ' 

Notice that \X\ < 1. We set s = Vl ^ 3 so that d 2 = \/ s 2 + y 2 + y 2 and we compute 

1 s2 w vi s 2/2 _i is 2 w vl s 2/4 



Vl^ 1 = 771-77^, V 2 X X = J?-, V3X 1 = -_ + _ V 4 X 



2d 2d 3 ' ^2d 3 ' 2d 2d 3 ' y^d 3 



V7 ^2 S 2/2 „ _ 2 g2 + 3/4 vy v 2 s 3/2 „ v 2 3/23/4 

VlX = "d 3 "' V ^ =^3- ' = d 3 "' = ~^~ 



2d 2d 3 ' z ^2d 3 ' ° 2d 2d 3 ' " V2d' 

„ y4 •sy 4 „ y4 3/22/4 „ y4 s 3/4 „ y a s 2 + yj 

Vlx = "^' V2X = -^T' Vsx = ^' V4X = ^ 3— ' 

We notice that 

V j X k = V k X i , j^k, j, k = 1,2, 3, 4 

and 

dwX = ViX 1 + V 2 X 2 + V 3 X 3 + V 4 X 4 = - > 0. 

d 

The first term on the right hand side of (|2.5f) is positive and we can write 
d t M> [ -A(divX)p dx+ I (VjX k )a{dx. 

JR 4 JK 4 
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Now we compute using the fact that the tensor <jjk = 29ft (V jiiV ku) is symmetric 

4 

^kX 3 o) = Y,<V i X i + 2a 12 {V 2 X 1 ) + 2a 13 (V 3 X 1 ) +2a 14 {V 4 X r ) + 
i=i 

2<7 23 (V 3 X 2 ) + 2<t 24 (V 4 X 2 ) + 2a 34 (V 4 X 3 ). 
In addition, we have that 

ViX 1 = V3X 3 = -V 3 X\ VsX 1 = -V3X 2 , V4X 1 = -V4X 3 

and thus 

V k Xi<T* = (a u + a 33 - 2ct 13 )V 1 X 1 + 2(a 12 - a 23 )V 1 X 2 + 2(<ri 4 - a u )V 1 X 4 + 

2a 2 4V 2 X 4 + <t 22 V 2 X 2 + 044V4X 4 . 

For s = Vl ^ 3 we have V s = ^ V1 ^ VA and thus 

(T11 + <T 3 3 - 2^13 = 2|(Vi - V 3 )n| 2 = 4|V s u| 2 , 

2(a 12 -a 23 )=m(V 2 uV s u), 2(a u - a u ) = 43ft(V 4 uV s u), 2a 24 = 43ft(V 4 uV 4 u). 
If we put everything together we compute 

VfcX'aJ = 4|V s n| 2 ^1 - ^ - 4^3ft(V 2 uV s «) - 4^3ft(V 4 «V s u)- 
4^K(V 2 uV 4 «) + 2|V 2U | 2 ^i + 2|V 4 ^| 2 ^3^ = 



^ (jV s u| 2 + |V 2 u| 2 + |V 4 u| 2 --^|(sV s + y 2 V 2 -\- >j ( V : )«| 2 ) . 
Thus if 2 = (s, y 2 , j/4) we obtain 

V fc XVj = ^ (jV z u| 2 - j^\(z ■ V>| 2 ) > 0. 
Since this term is also positive we have 



d t M> [ -A(divX)pdx. 
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But 

dyl + dy\ + dy\ + dy\ ~ 8s 2 + dy\ + dy\ ~ A ^^' 



Then 



and 



Thus 



-A(divX) = -A(-) = - A ^(^|) = 8ir6 (z) = 8tt*(^1 = JC2 = x(0) 

/ —A(divX)pdx = / 87rJ(x"i = a?2 = x{l))p dx = 8tt / p(x(l),t)dl. 
Jr 4 Jr 4 ' Jl 

[ -A(divX)p dx = 2vr / |n(f(/),t)| 4 d/, 
Jr 4 Jl 



if we pick 
in which case 



1 i iO 1 i 1 2 1 i i o 

p = 2 Pl p 2 = ^\u\ 4 . 
We now apply the fundamental theorem of calculus and obtain 

f [ \u(x(l),t)\ 4 dldt< sup \M(t)\, 

and estimating as before we have 

/ / |n(x(0,t)| 4 ^<sup||^)||| 2 ||n(t)|| 2 ^. 

JRJL t 

Now consider the line Lj that passes through the origin and has an angle 0j with the 
x— axis. We parametrize the line by Xj(r) = ruji where ooi = e ldi . We thus identify 
u>i = (cos(6*j), sin(6*j)) where 6{ is fixed. We have proved that 

I [ \u(x{l),t)\ 4 dldt = [ [ \u(re ie \t)\ 4 drdt < sup \\u(t)\\l 2 \\u{t)\\ 2 1 . 
Jr J Li JrJo t ' 

We cut the unit disk into N sectors each one confined within A9i = tS-. We apply the 



N ■ 

,2ir 



previous inequality for every direction (2k = e %k n for k = 1, 2, N. We then divide by N. 
This averaging argument yields 

i — /* r 00 

-£/ / |n(re^, i )| 4 ^<sup||u(t)||| 2 ||«( i )|| 2 4 



or 



/ / ^|n(re^,t)| 4 -^<sup||^)||| 2 ||n(t)||^ 



or 

AT 



/ r^El^,t)| 4 AM^<su P ||n(t)||| 2 ||^)||; 
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Taking JV^oowe have 

r»oo />2ir 



// 

JR JO 



\u{re w ,t)\*dOdrdt < sup\\u(t)\\ L2 \\u(t)\\ 2 . x 
o t H1 



and 

r r°° r 27T Hre i6 , t)\ 4 JQ ^^^ _ f |«(m)I 4 

Jr. Jo Jo r 



d6(rdr)dt= [ dxdt < sup\\u{t)\\ 2 L2 \\u(t)\\ 2 . r. 

JfcxIRa \X\ t " HI 



Since the Schrodinger equation is translation invariant for any xq G M 2 we have that 

sup f W x >t)\ dxdt < gup \\ u {t)\\ 2 L2 \\u{t)t ' 1 

and the theorem is proved. □ 
Remarks, a) One can consider any curve on E 2 and lift it onto a diagonal of M 4 as follows 

L(uj) = {fx = x 2 = x(7)}, 

where x(l) is the parametric representation of the curve. Following a similar strategy we 
can prove the following a priori estimate on the restricted LfLfj norm of u 

[ [ \u(x(i),t)\uidt< S u P \\u(t)\\ 2 L 4um] U- 

b) The method of contracting the momentum equation with vector fields that are the 
gradient of certain distant functions is quite general. One can obtain estimates in higher 
dimensions using this method. We will discuss these estimates and their application in 
future work. 
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